The theory of drift-Alfvén waves with the spatial scales comparable to the ion Larmor radius is developed. The dispersion relation, the wave impedance and variations of the plasma density perturbations versus the wave frequency are investigated. The relevance of theoretical results obtained to the Cluster observations in the cusp and near a reconnection X line in the Earth's magnetopause is discussed.
Introduction
The spacecraft observations (e.g. Chmyrev et al., 1988; Chaston et al., 2005; Sundkvist et al., 2005a,b) provide the evidence that large-and small-amplitude perturbations of the drift-and kinetic Alfvén waves are permanently present in the near Earth's plasma environment. Quite often the waves observed by Cluster imply the spatial scales of the order of the ion Larmor radius and have the wave impedance of the order of the local Alfvén speed. The kinetic Alfvén waves (KAWs) as well as the drift-Alfvén waves (DAWs) whose perpendicular wavelengths often determine the fine spatial structure of many auroral processes play an important role in the electrodynamic coupling of the ionosphere and magnetosphere. These waves essentially control the formation of the discrete fluxes of low energy electrons and suprathermal ions. The Cluster observations on 18 March 2002 in Correspondence to: O. G. Onishchenko (onish@ifz.ru) the vicinity of a reconnection X-line of the Earth's magnetopause (Chaston et al., 2005) reveal small amplitude electromagnetic wave perturbations that have been identified as kinetic Alfvén and drift-Alfvén waves with perpendicular wavelengths of the order of the ion Larmor radius.
Recently Onishchenko et al. (2008) developed a comprehensive nonlinear theory of DAWs that accounts for the arbitrary perpendicular spatial scales. A particular attention in this paper has been paid to the vortex structures with spatial scales of the order of the ion Larmor radius. The results of such an analysis were applied to the interpretation of the Cluster observations in the Earth's cusp, where nonlinear vortex structures have recently been observed by Sundkvist et al. (2005a) .
The main purpose of the present study is focused on obtaining compact relations for the description of small amplitude drift-Alfvén wave perturbation that can be used for the wave identification in space plasmas and on illustration of the wave properties in such key regions as cusp and magnetopause.
The paper is organized as follows: In Sect. 2 the linear DAW dispersion relation with arbitrary perpendicular wave spatial scales is discussed and comparison with the results of Chaston et al. (2005) is provided. In Sect. 3 the wave impedance and other important wave parameters are analyzed. Our discussion and conclusions are found in Sect. 4.
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O. G. Onishchenko et al.: Drift-Alfvén waves in space plasmas for the arbitrary wavelengths has been obtained by Mikhailovskii (1992) and reads
where all wave perturbations vary as exp(−iωt+ik·r), ω is the wave frequency and k is the wave vector. We make use of SI units and a Cartesian coordinate system in which the unperturbed magnetic field B 0 is directed along the z-axis, the x-axis is along the plasma density gradient and the y-axis completes the triad. Furthermore, ω i * =k y v iD =k y T i κ n /eB 0 and ω e * =k y v eD =−k y T e κ n /eB 0 the ion and electron drift frequencies, v iD and v eD the ion and electron drift velocities, T i(e) the ion (electron) temperature, k 2 ⊥ =k 2 x +k 2 y , k x , k y and k z the x, y and z components of the wave vector k, ω 2 A =k 2 z v 2 A , v A =B 0 /(µ 0 n 0 m i ) 1/2 the Alfvén velocity, µ 0 the permeability of free space, n 0 the equilibrium plasma number density, m i the ion mass, κ n =d ln(n 0 )/dx, n 0 the equilibrium proton or electron number density, z i =k 2 ⊥ ρ 2 i , ρ i =(T i /m i ) 1/2 /ω ci the ion Larmor radius, z s =z i T e /T i =k 2 ⊥ ρ 2 s and ρ s =(T e /m i ) 1/2 /ω ci is the ionacoustic Larmor radius, ω ci =eB 0 /m i the ion gyrofrequency, e the magnitude of the electron charge and I 0 the modified Bessel function of the first kind. Equation (1) represents the reduced version of dispersion relation (6) of Chaston et al. (2005) that has been originally derived by Mikhailovskii (1967) . In Eq. (1) the effects solely due to DAWs are retained. The other mode, e.g. magnetostatic electron-drift mode with the wave frequency ω ω e * , is eliminated.
When plasma inhomogeneity is neglected, ω i * →0 and ω e * →0, Eq. (1) recovers the dispersion relation for the kinetic Alfvén waves
The dispersion relation (1) can be regarded as a generalization of the well known dispersion relation for the KAW in the presence of the plasma inhomogeneity. Making use of an expansion
(2) the well-known dispersion of the kinetic Alfvén waves (Hasegawa and Uberoi, 1982 )
In the case of most importance when z i takes the finite values of the order of unity or larger (corresponding to Cluster observations) to obtain an appropriate description one can use the so-called Padé approximation 1−e −z i I 0 (z i ) z i /(1+z i ). It has been shown by Streltsov et al. (1998) and Stasiewicz et al. (2000) that such an approximation of the term 1−e −z i I 0 (z i ) is suitable for the entire range of z i , and it is almost exact as the approximation when z i >1. With the use of this relation the dispersion relation (1) reduces to the form
that allows us to incorporate the full ion Larmor radius effects in the wide range of parameters.
Hydrodynamic description of drift-Alfvén waves
For description of the wave electromagnetic fields we use the two-potential representation,
where E and B ⊥ are perturbations of the electric and magnetic fields, respectively,ẑ the unit vector along the ambient magnetic field B 0 , ∂ t ≡∂/∂t and ∂ z ≡∂/∂z, and the subscripts z and ⊥ denote the components along and perpendicular toẑ, respectively. Furthermore, φ is the scalar potential of the electric field and A is the zcomponent of the vector potential. We consider that ∂ y ∂ x and in some cases use the differential operator to represent formulae in more elegant form. Since we consider a low-β plasma the parallel component of the magnetic field perturbations can be neglected. Generally the description of drift-Alfvén waves with arbitrary wavelengths demands fully kinetic treatment. To obtain relevant relations that may be used for identification of DAW perturbations in spacecraft observations we make use of hydrodynamic approach (Kuvshinov and Mikhailovskii, 1996; Onishchenko et al., 2008) neglecting the nonlinear terms.
In the low-frequency approximation we decompose the electron velocity v e as v e =v E +v eD +v zeẑ , where v E =cB −1 0 E ⊥ ×ẑ is the E×B drift velocity, v eD =−T e (m i n 0 ω ci ) −1 (ẑ×∇ ⊥ n 0 ) is the electron diamagnetic drift velocity and v ze is the parallel electron speed. The z-component of the electric current can be found from the Ampére law and is j z =−µ −1 0 ∇ 2 ⊥ A. We assume that the ion field-aligned velocity is small in considered here low-β plasmas and thus the parallel electric current j z is driven only by the electrons, i.e. j z =−en 0 v ze and v ze =∇ 2 ⊥ A/µ 0 en 0 . Taking into account that E×B velocity is divergence free ∇·v E =0 and ∇·(n e v eD )=0 the electron continuity equation, ∂ t n e +∇ ⊥ ·(n e v e )+n 0 ∂ z v ze =0, reduces to
Here n e =n 0 + n e , n e is the perturbed electron number density, e ≡eφ/T e , A e ≡eA/T e , and ∂ y ≡∂/∂y. The equation for the electron momentum balance along the ambient magnetic field B 0 reads en 0 (E z −v eD B x )+∂ z p e =0, where p e =T e n e is the electron pressure perturbation. We note that since β m e /m i the term due to the electron inertia is small and thus neglected. Then we have (∂ t + v eD ∂ y )A e + ∂ z ( e − n e /n 0 ) = 0.
(6) Fig. 1 . The dependence of the perpendicular wave number normalized on the ion Larmor radius upon the wave frequency normalized to the Alfvén frequency. Calculations are carried out for the electron to ion temperature ratio T e /T i =0.5. Solid, dash-dotted, dashed and dotted lines correspond to ν * =0; 1/5; 1;and 5, respectively. With the increase of the plasma inhomogeneity (corresponding to the increase of ν * ) the wave frequency increases. To close the system of nonlinear Eqs. (5-6) it is necessary to supplement it by equation for the ion motion. Following Kuvshinov and Mikhailovskii (1996) and Onishchenko et al. (2008) we decompose the ion velocity in the small frequency approximation ω −1 ci d t 1 as
Here v iD =(m i n i ω ci ) −1 (ẑ×∇ ⊥ p i ) is the ion diamagnetic drift velocity, v P E and v P iD stand for the polarization parts of the ion velocity connected to the drift velocities v E and v iD through the relations
and
where i =eφ/T i . With the help of Eq. (7) the ion continuity equation ∂ t n i +∇ ⊥ ·(n i v i )=0
reduces to (Kuvshinov and Mikhailovskii, 1996; Onishchenko et al., 2001 Onishchenko et al., , 2008 
Decomposing n i =n 0 + n i , where n i ( n 0 ) is the wave perturbation of the ion number density, and accounting for the polarization parts of the ion velocity (Eqs. 8 and 9), from Eq. (10) one finds
(11) Here the ion temperature perturbations have been neglected as small corrections of the higher order. Equations (5), (6) and (11) together with the charge neutrality condition, n i = n e ≡δn, constitute a closed set of equations describing the drift-Alfvén waves in a plasma with nonzero ion temperature. Considering that all wave perturbations vary as exp(−iωt+ik·r) from these equations one obtains the following dispersion relation
where ω * ≡ω/ω A is the normalized wave frequency and ν * ≡(ω i * /ω A ) 2 is the parameter characterizing the degree of a plasma inhomogeneity. The limiting case ν * →0 corresponds to the KAWs. From Eq. (12) follows that the DAWs exist for the wave frequencies ω * ≥ω * c where ω * c ≡[ν 1/2 * +(ν * +4) 1/2 ]/2. In the case of the KAWs ω * c =1. Figure 1 shows the dependence of the normalized wave frequency upon the perpendicular wave number k ⊥ ρ i for the electron to ion temperature ratio equals to T e /T i =0.5 (this ratio is typical for the Earth's cusp) and for ν * =0; 1/5; 1; and 5. With the increase of the plasma inhomogeneity (corresponding to the increase of ν * ) the wave frequency also increases.
The wave impedance normalized to the Alfvén velocity evaluated from Eqs. (5), (6) and (11) is
.
(13) Fig. 3 . The particle number density perturbations as the function of the wave frequency. Other parameters are the same as in Fig. 1 . Figure 2 illustrates the dependence of the normalized wave impedance as a function of the wave frequency for ω * ≥ω * c . One sees that with the increase of the wave frequency and plasma inhomogeneity the wave impedance increases. The Fourier transform of Eq. (11) gives
It is worth noting that fully kinetic treatment provided by Mikhailovskii (1992) reads
The comparison of Eq. (14) with Eq. (15) shows that in the Padé approximation they are identical. This confirms that Eq. (14) adequately describes the ion density perturbations. Making use of Eq. (14) and dispersion relation (12) one can represent the particle number density perturbation as the function of the wave frequency and perturbed electrostatic potential
(16) Figure 3 shows the dependence of the particle number density perturbations as a function of the wave frequency for ω * ≥ω * c .
Summary
In this paper we have investigated in the linear approximation the drift-Alfvén waves with arbitrary k ⊥ ρ i in the socalled Padé approximation. A special attention has been paid to the waves with spatial scales of the order of the ion Larmor radius. The present analysis can be considered as an extension of our previous study (Onishchenko et al., 2008) of drift-Alfvén waves, which was limited to the investigation of quasi-stationary nonlinear vortex structures. We have studied the dependence of the wave characteristic parameters such as the perpendicular wavelength, the wave impedance and the particle number density perturbations versus the wave frequency. Our compact expressions for characteristic wave parameters (Eqs. 12-13 and 16) may be used for the mode identification of Cluster data in the cusp (Sundkvist et al., 2005a,b) and in the vicinity of a reconnection X-line (Chaston et al., 2005) . Figures 1-6 illustrate the correlation between characteristic spatial and temporal scales, the wave impedance, and the particle number perturbations in a plasma with different degrees of plasma inhomogeneity. Let us apply the results obtained to the identification of the wave modes in specific satellite observations. For example, in the cusp region during the Cluster satellite crossing (Sundkvist et al., 2005a,b) a typical electron to ion temperature ratio was T e /T i =0.5. Figures 1-3 show the perpendicular wave number, wave impedance and particle number density perturbations as the functions of wave frequency for different values ν * =(ω i * /ω A ) 2 , i.e. for ν * =0; 1/5; 1 and 5 characterizing the degree of plasma inhomogeneity. Figure 1 shows that DAWs exist for the frequency range ω * ≥ω * c , where ω * c ≡[ν 1/2 * +(ν * +4) 1/2 ]/2. The wave frequency increases with the increase in the plasma inhomogeneity, with increase of ν * , for constant perpendicular wavelength. Figures 1 and  2 show that the smallest wave impedance normalized to the local Alfvén speed is attained for the long-wavelength perturbations, when ω * →ω * c or λ ⊥ →∞. The smallest impedance which equals to the Alfvén speed in the case of the kinetic Alfvén waves, ν * =0, increases with ν * . The wave impedance increases with the increase in the wave frequency and decrease of λ ⊥ . Figure 3 shows the dependence of δn/n 0 e versus wave frequency. One can see that δn/n 0 e attains the largest value in the long-wavelength limit, when ω * →ω * c or λ ⊥ →∞, that is equal to 0 in the case of KAWs, and increases with the increase in the plasma inhomogeneity. With increase in the wave frequency the value δn/n 0 e becomes smaller.
In the vicinity of a reconnection X-line where DAWs have been observed by Cluster on 18 March over 14:55-14:56:30 UT the average ion to electron temperature ratio was T i /T e 14. Figures 4-6 illustrate the dependence of the wave perpendicular spatial length, the wave impedance and the particle number density perturbations as the function of the wave frequency at ν * =0; 10 and 100 for T i /T e =14. Figure 4 shows that perpendicular wave number increases with the wave frequency as it was registered by Cluster, see Fig. 3a and b from Chaston et al. (2005) . Figure 5 shows that the wave impedance increases approximately in a linear proportion with the wave frequency from |E|/|B|=v A in a homogeneous plasma or from |E|/|B| 10v A in a highly inhomogeneous plasma when ν * =100. The waves with the perpendicular wavelength of the order of the ion Larmor radius have the wave impedance |E|/|B|=1.4v A or 10v A for ν * =0 or ν * =100, respectively. When the Cluster spacecraft moved from homogeneous plasma region with large local Alfvén speed to the region with strong plasma density gradients and small local Alfvén speed, see Fig. 1b from Chaston et al. (2005) , the effective value of ν * increased from ν * =0 to the large values so that the wave impedance increases from the local Alfvén speed to the large values, see Fig. 3c of Chaston et al. (2005) . Figure 6 shows that the normalized particle number density perturbation increases with the increase in the plasma inhomogeneity and decreases with the wave frequency.
Our theoretical results are in reasonable agreement with Cluster observations obtained during crossings of the cusp and the vicinity of the reconnection region. This gives us sufficient grounds to support conclusions of Sundkvist et al. (2005a,b) and Chaston et al. (2005) that observed in these regions waves are DAWs.
